Abstract. We show that the field of rational numbers is not definable by a universal formula in Zilber's pseudo-exponential field.
Boris Zilber's pseudo-exponential field B, +, ·, 0, 1, exp is conjecturally isomorphic to the complex exponential field C exp = C; +, ·, 0, 1, exp [Zil05] . While C exp is defined analytically, B is constructed entirely by algebraic and model-theoretic methods, and for example it does not have a canonical topology. The conjecture that they are isomorphic contains Schanuel's conjecture of transcendental number theory, so seems out of reach of current methods. However, it is interesting to ask what properties known to hold of one of the structures can be proved to hold of the other, and often this sheds new light on both structures.
A structure M is model complete if and only if every definable subset of M n is definable both by an existential formula and by a universal formula. Equivalently, whenever M 1 and M 2 are both elementarily equivalent to M and
The rational field Q is definable both in C exp and in B by the existential formula
which states that x is a ratio of kernel elements. (As usual, we write e a to mean exp(a).) We write Q(M ) for the subset of a model M defined by this formula. We also write ker(M ) for the subset defined by e x = 1, and Z(M ) for the subset defined by ∀y[e y = 1 → e xy = 1]. We have Z(C exp ) = Z(B) = Z, the standard integers, and ker(B) = τ Z(B) for a transcendental number τ (corresponding to 2πi in C).
Marker [Mar06] gave a topological proof that Q is not definable by a universal formula in C exp , thus proving that C exp is not model complete. Macintyre asked whether B is model complete [Mac08] . I answered this negatively [Kir13] by finding a pair of models M 1 ⊆ M 2 of the first-order theory of B with M 1 M 2 . However, that paper only dealt with models of the theory of B with standard kernel, that is, ker(M ) = τ Z, and the definable set shown to be existentially definable but not universally definable has nothing to do with the rationals. The paper [KZ14] extends the methods of [Kir13] to the case of models of Th(B) with non-standard kernel. Using these extended methods, this note proves: Theorem 1. The rational field Q is not definable by a universal formula in B.
The class ECF of exponentially closed fields is shown in [KZ14] to be exactly the class of all models elementarily equivalent to B if the diophantine conjecture CIT is true, but unconditionally all models in ECF are elementarily equivalent to B. We will construct models F ⊆ M in the class ECF, and an element q ∈ F such that q ∈ Q(M ) but q / ∈ Q(F ). That shows that Q cannot be universally definable in B.
We will use the terminology and results from [KZ14] freely. Let M ∈ ECF have non-standard kernel, and be saturated over its kernel. Such M exist of every cardinality at least the continuum by [KZ14, Proposition 4.3].
Let p 1 , p 2 ∈ ker(M ) be algebraically independent over τ , and such that q = p 1 /p 2 does not lie in Z(M ). Then q ∈ Q(M ), but q does not lie in the Q-linear span of Z(M ).
Definition 2. Let K be a partial E-subfield K of M such that τ, q ∈ D(K). Then K is good (for the purpose of this proof ) if
(1) K is generated as a field by D(K) ∪ exp(D(K)); (2) acl(K) ∩ ker(M ) = τ Z, so in particular ker(K) = τ Z and p 1 , p 2 / ∈ K; (3) K, p 1 , p 2 ≺ M ; and (4) |K| < |M |.
Lemma 3. If K is a good partial E-subfield of M then there is a strong ELA-extension K ⊳ K ′ and an embedding of K ′ into M over K such that K ′ is also good.
Proof. The union of a chain of good partial E-subfields of M is still good because all the conditions have finite character, so it is enough to show that, given a ∈ acl(K), there is a good partial E-field extension
we have K 1 = K and we are done. Otherwise ldim Q (a/D(K)) = 1 so td(e a /K, ker(M )) = 1 and it follows quickly that K 1 is good.
If a ∈ exp(D(K 1 )) then set K 2 = K 1 are we are done. Otherwise, choose any c ∈ M such that e c = a and set K 2 = K 1 , c M . Then since K 1 , p 1 , p 2 ≺ M a similar argument to the above shows that c is transcendental over K 1 ∪ ker(M ), and again we see quickly that K 2 is good.
Lemma 4. Suppose K is a good ELA-subfield of M and V is a rotund, additively and multiplicatively free subvariety of G n a × G n m , defined over K and of dimension n. Then there is a good ELA-extension field
Proof. Since M is saturated over its kernel and
mrk(e a /K). Since V is multiplicatively free and (a, e a ) is generic in V over K we have mrk(e a /K) = n, and so td(a, e a /K ∪ ker(M )) = n. In particular we deduce that
and K, a M is good. Applying Lemma 3 we can take K V to be some good ELA-extension of K, a M in M .
Proposition 5. There is F ⊆ M containing τ and q such that F ∈ ECF and q / ∈ Q(F ).
Proof. Let F 0 = τ, q M , the partial E-subfield of M with exponentiation defined only on Qτ + Qq. Then F 0 is good, so applying Lemma 3 there is a good ELA-subfield, F 1 of M . Now enumerate all the rotund, additively and multiplicatively free subvarieties defined over F 1 , and apply Lemma 4 in turn for each and iterate, noting that the union of a chain of good ELA-subfields of M is still a good ELA-subfield. At stage ω 2 we get an ELA-subfield F of M which is strongly exponentially-algebraically closed. It satisfies the Schanuel property over the kernel, since every E-subfield of M does. Hence F ∈ ECF.
Since F is good it has standard kernel, and so Q(F ) = Q. The element q is transcendental, so is not in Q(F ).
That completes the proof of Theorem 1.
